We address the question of unitary implementation of the dynamics for scalar fields in cosmological scenarios. Together with invariance under spatial isometries, the requirement of a unitary evolution singles out a rescaling of the scalar field and a unitary equivalence class of Fock representations for the associated canonical commutation relations. Moreover, this criterion provides as well a privileged quantization for the unscaled field, even though the associated dynamics is not unitarily implementable in that case. We discuss the relation between the initial data that determine the Fock representations in the rescaled and unscaled descriptions, and clarify that the S-matrix is well defined in both cases. In our discussion, we also comment on a recently proposed generalized notion of unitary implementation of the dynamics, making clear the difference with the standard unitarity criterion and showing that the two approaches are not equivalent.
I. INTRODUCTION
In a series of works completed during the last ten years [1] [2] [3] [4] [5] [6] , strong results have been obtained by us and other collaborators concerning the Fock quantization of scalar fields with an effective time dependent mass and the preservation of unitarity. In particular, when applied to the quantization of free (test) fields in an expanding background spacetime with homogeneous and isotropic spatial sections [i.e., a Friedmann-Lemaître-Robertson-Walker (FLRW) spacetime], these results allow one to select a privileged parametrization of the field variable, that involves a rescaling of the original field by means of the time dependent scale factor of the background [6] [7] [8] .
For definiteness, let us consider the case of a flat FLRW spacetime, with compact spatial sections isomorphic to the 3-torus. Using conformal time, the metric can be written in the form
where a(η) is the scale factor and d x 2 is the standard metric on the 3-torus. It is well known that the free scalar field equation
acquires its simplest form after the change of field variable
leading to
where m 2 (η) = a 2 m 2 − (a ′′ /a) and ∆ is the standard Laplacian on the 3-torus. Besides, the box stands for the D'Alambertian of the FLRW spacetime, and the derivative with respect to the conformal time is denoted with a prime.
For the type of equation (4), it is known that there is a quantum Fock representation of the canonical commutation relations (CCR's) at fixed (equal) time such that the dynamics in the canonical framework is unitarily implementable. Moreover, additional research [4, [6] [7] [8] , in which we participated, has proven that this quantization is unique [among the set of Fock quantizations determined by complex structures (CS's) that are invariant under the action of spatial isometries].
It has also been shown that unitary implementation of the dynamics is impossible to achieve for the type of equations satisfied by the original unscaled field φ, or by means of any other rescaling different from the one introduced above: φ → χ = aφ.
The usefulness of the above transformation, φ → χ, in particular to simplify the field equation, has of course been known for a long time (see e.g. [9] ) and it is commonly used, even in the anisotropic cosmology context (see for instance [10] ). Moreover, nothing is lost by considering the field χ, since the construction of field operatorsχ(η) in the quantization process immediately gives rise to operatorsφ(η) = a −1 (η)χ(η) to represent the original field. However, there is an apparent tension between the two formulations, in the light of the different properties of the dynamics in each of them. In order to try to alliviate this tension, a recent proposal of a generalized notion of unitary implementation of the dynamics has been put forward in [11] , to accomodate the fact that evolution in terms of the φ-field description is not unitary.
Nonetheless, in our opinion this tension is somewhat artificial. The main purpose of this article is to clarify this issue, explaining how one can mantain a well-defined and non-trivial concept of evolution in the quantization, and how this concept can be employed as a selection criterion for the determination of a unique Fock quantization. The rest of the paper is organized as follows.
We summarize the basic mathematical tools needed to discuss the role of the dynamics in the Fock quantization of a scalar field in Sec. II. Sec. III deals with the unitary implementability of the dynamics and the determination of criteria that select a unique Fock representation for the quantization of the scalar field. Sec. IV analyzes the relation between the quantization of the rescaled field and the original one, and how this rescaling affects the unitarity of the dynamics.
Finally, we present a discussion of the implications of our investigations and conclude in Sec. V.
II. QUANTUM FIELD THEORY IN COSMOLOGY
In the traditional Hilbert space based approach (in contrast with the algebraic or representation independent approach), a major question in quantum field theory (QFT) is the selection of an appropriate representation of the CCR's, or the construction of appropriate quantum field operators in a given Hilbert space satisfying the wave equation. In fact, the fundamental Stone-von Neumman uniqueness theorem has no correspondent in field theory. Let us recall that, for finitely many degrees of freedom, the Stone-von Neumann theorem states that all quantizations satisfying appropriate continuity conditions are unitarily equivalent. However, in field theory, one has to deal with infinitely many, not unitarily equivalent quantizations [12] . For linear theories, one has at least a good understanding of the problem, both from the covariant and the canonical perspectives, and the freedom in the construction of a representation can be put in terms of CS's. A CS is a real linear transformation that leaves invariant the symplectic structure of the system (and hence its CCR's) and with a square equal to minus the identity (the attention is focused just on compatible CS's, that provide an inner product on the one-particle Hilbert space when they are suitably combined with the symplectic structure [12] ).
The usual Fock quantizations of a given linear scalar field are completely determined by CS's in the space of solutions Γ Cov of the corresponding wave equation, in our case equation (2) , or (4), depending on the chosen variable. For a thorough discussion of Fock representations, in particular adapted to scalar fields in FLRW spacetimes, we refer the reader to [13] (we follow also [11] in what concerns the relation between the covariant and the canonical descriptions). Of course, since solutions are determined by Cauchy data at any given time, CS's in the space of solutions give rise to CS's in the canonical phase space. To adopt a similar notation to that employed in [11] , let us fix a 3-manifold M, homeomorphic to the 3-torus. The canonical phase space Γ Can can be viewed as the set of pairs of functions on M with the usual symplectic structure (each pair of functions supplying the values of the field and its momentum). Now, for each time η there is a (symplectic)
where
Of course, the same is true concerning the field equation (4), with the difference that the canonical momentum is now given by π χ = ∂χ/∂η.
Suppose that we are given a CS J in Γ Cov . Then, the maps I η induce a 1-parameter family of CS's in the canonical phase space Γ Can , by
For any given J, this family of CS's in Γ Can satisfy, by construction, the following relations:
for all pairs of instants of time (i.e., ∀η 1 , η 2 ,), and where
Conversely, a CS J in Γ Cov is determined by a family of CS's in Γ Can satisfying (8) .
Of course, one can fix once and for all a given time η 0 in order to identify Γ Cov with Γ Can . From this perspective, the CS
is the CS generated by dynamical evolution of J 0 (at initial time η 0 ), since the maps E η 2 ,η 1 clearly describe the time evolution in canonical phase space. 
To conclude this overview let us make contact with the standard textbook treatments of QFT in curved spacetime (CST), where one typically deals with the covariant formulation in terms of so-called mode solutions. Here, one writes the quantum field in terms of (e.g.) Fourier modeŝ
where k = | k|, the symbol * denotes the complex conjugate, and the dagger stands for the adjoint of the corresponding operator. The above expression for the field defines in fact operator valued distributions; obtaining bona fide operators requires a smearing with appropriate test functions on the spatial manifold M:
denotes the Fourier coefficient of the test function f ( x) (one can choose functions f such that the set of non-zero coefficients f k is finite, for simplicity).
We have chosen to explicitly factor out the inverse of the scale factor in (12), which is a common practice but by no means necessary. Here, the functions χ k (η) are solutions to the equations of motion that follow from the field equation (4) for each of the Fourier modes (of course, different modes φ k = a −1 χ k obey different equations of motion):
The normalization condition
(which is time-independent) ensures that the operatorsÂ k andÂ † k satisfy commutation relations of creation-annihilation type.
The . The reader can consult [13] for the explicit relation between initial data for the modes and CS's, both in the covariant and in the canonical approach.
III. SELECTION CRITERIA
How can one then select a CS adequate to a given linear scalar field theory? Notice first that, in the general case, there is no reason to expect that a unique CS will stand out, neither that is necessary: for the unambiguous construction of a Hilbert space based quantum theory, it is sufficient that one can identify a preferred unitary equivalence class of representations.
The simplest situation is, of course, that of the free field in Minkowski spacetime. It turns out that, for a given value of the mass, there is a unique CS J which is invariant under the natural action of the Poincaré group on the space of solutions. This unique CS corresponds, indeed, to the usual creation-annihilation operators. In terms of initial data for the Fourier modes, it is determined by the choice
(up to a phase) at a given instant, with
The invariance of the CS under the Poincaré group naturally gives rise to a unitary implementation of the group, which includes time translations. From the canonical perspective, this means that the CS is invariant under time evolution. Classical dynamics are therefore unitarily implemented, along with the remaining set of isometries, in the most natural way. From a broad perspective, the lesson is that, in field theory, to fix the quantum representation, one must use not only the kinematical setup, but also the dynamics and the set of symmetries. From the point of view of QFT in CST, one may also say that the properties of the spacetime itself enter the specification of the quantum theory.
In general terms, Fock quantizations can be defined for any linear symplectic space, and a unique quantization is singled out by the following requirement [15] [16] [17] [18] . Suppose that one has a distinguished one-parameter group of symplectic transformations (in favourable cases, of course, this group is generated by the Hamiltonian). Then, there exists a unique CS which is invariant under the action of this group and such that the generator of the corresponding one-parameter unitary group (the existence of which is guaranteed by the invariance of the CS) is a positive operator on the Fock space. The issue in QFT in CST is that, in general, there is no distinguished family of one-parameter symplectic transformations that one can use, except in the stationary situation, i.e., when a timelike Killing vector field is present.
One possible way around this lack of uniqueness in the quantization of fields in CST is to try and replace the requirement of invariance under dynamical evolution by a weaker one, requiring only a unitary implementation of the dynamics. In technical terms, this boils down to abandon the idea of an invariant CS, which is not viable, in favour of a CS which transforms, under time evolution, into a CS that belongs to the same unitary equivalence class. This still gives a unitary implementation of the dynamics in a Fock representation, with the difference that one no longer requires the existence of a state which is invariant under evolution. This is the approach adopted in our works [1-4, 6-8]. Different possibilities were explored since the 1970's in order to remove the ambiguity in QFT in CST (see e.g. [9, 13, 19] ), and we would like now to compare the most employed of those approaches with ours 1 .
To get some insight into the problem and better motivate our proposal, let us consider first the case of a spacetime which, for η in the past of some fixed time η 1 , is isomorphic to (a part of) Minkowski spacetime. In this situation, it seems clear that an unambiguous and physically sensible way to proceed is to perform a canonical quantization at a fixed time η < η 1 , using the same CS in canonical phase space as if we were in presence of a free field in actual Minkowski spacetime. Notice that for η < η 1 , when we have that a(η) is a constant, a in , the equations of motion for the modes (of the field φ) are
In terms of initial data for the Fourier modes, the proposed quantization corresponds to the choice
at a fixed instant η < η 1 , with
The initial data are thus, in fact, those corresponding to a free field, with the local value of the mass m 2 (η) = m 2 a 2 in , and normalized such that (15) is satisfied. A situation of great conceptual interest occurs when the spacetime is isomorphic to Minkowski spacetime both in the distant past and in the far future. In our current homogeneous and isotropic cosmology setup this happens if, besides η 1 as above, there is also an instant of time η 2 such that a(η) is constant ∀η > η 2 (the constant values of the scale factor in the far past and future, a in and a out , need not be the same).
One can now apply the procedure explained above both at η < η 1 and at η ′ > η 2 , obtaining two distinct CS's in Γ Cov , say J in defined by (19) and (20), and J out defined by
at a fixed instant η ′ > η 2 . If the CS's J in and J out were to give rise to quantum theories which are not unitarily equivalent, i.e. if J in −J out were not Hilbert-Schmidt, we would have to face a serious ambiguity in the quantization procedure. Fortunately this is not the case. It has been established for a long time that, in this situation, J in − J out is a Hilbert-Schmidt operator. In fact, this is a particular case of the well established result about the existence of the S-matrix (see [20, 21] ).
Moreover, this has been proven directly, see e.g. [9, 14] .
At this stage of our discussion, it is worth commenting on certain subtleties related with the equivalence of the two CS's J in and J out in the space of solutions. First, let us point out that the fact that J in − J out is Hilbert-Schmidt is precisely the content of Lemma 2 in [11] . Since the authors of that work use the notation
it may give the impression, e.g. from Lemma 1 in [11] , that the in and out representations are not In addition to the above, to understand better the extent of the obstruction to the unitary implementation of the dynamics, even when the S-matrix is known to be well defined, let us now consider the in and out representations, but in terms of the field χ = aφ. We call J χ in and J χ out , respectively, the in and out CS's in the corresponding space of solutions. If one defines the quantum fieldχ using the Cauchy data that follow from (19) and (21), namely
at a fixed instant η < η 1 , and
at a fixed instant η ′ > η 2 , one must reach the same conclusion as before, i.e., the S-matrix exists, or equivalently J After these remarks (which clarify some issues discussed recently in [11] ), let us finally consider the general case of an arbitrary scale factor a(η). Since the strategy of fixing the quantum representation by using the value of the effective mass at a given instant of time was seen to work well in the previous cases, one might expect that, at least for a slow variation of the scale factor, the same procedure could be applied without ambiguities in the general case as well. Moreover, since, for the issue of unitary equivalence (in the present context of compact spatial manifolds), only the ultraviolet modes are relevant, one might even hope that the strategy would work for arbitrary a(η), since any variation rate, at fixed time, is small compared with arbitrarily high frequencies. It turns out that the question is not so obvious, and that the outcome heavily depends on the exact implementation of the quantization.
Let us see this in some detail. The seemingly obvious generalization of the above procedure is to define the quantization by the initial data (19) and (20) 
and J η ′ − J η is Hilbert-Schmidt if and only if (see e.g. [9] )
The emphasis was then put not on a particle interpretation but on an unambiguous construction of the QFT (see [9, 13] ), e.g. on the definition of a set of physically motivated CS's (or states) which moreover give rise to unitarily equivalent quantizations 2 . A consistent answer was the set of so-called adiabatic states (we refer to [13] for a rigorous definition, including that in terms of both covariant and canonical CS's). These states correspond to certain CS's J ad η,r in Γ Cov , which depend both on the instant η at which they are defined, and on an iteration order r (the superscript ad refers to their adiabatic nature). The adiabatic states indeed fulfil the expectations, since all the associated CS's determine unitarily equivalent representations, independently of η and of the order r [13] .
These results are proven in [13] for the case of FLRW with positive curvature, i.e., for the case of spatial sections isomorphic to the 3-sphere, but the arguments are immediately applicable to the 3-torus. Since we will use the result in the next section, let us see, e.g., how the independence with respect to the adiabatic order r can be proven. Consider then two adiabatic states of consecutive order, associated with the CS's J ad η,r and J ad η,r+1 for some arbitrary natural number r ≥ 0. It is shown in [13] that the coefficient β k of the Bogoliubov transformation [of the type (27)] that connects the two states behaves as β k = O(1/k 2(r+1) ) in the ultraviolet regime 3 . Thus, finiteness of the sum k |β k | 2 amounts to the summability of the sequence {g k /k 4(r+1) }, where g k is the degeneracy of each eigenspace of the Laplace operator on the 3-torus. Since, for large k, g k grows at most like k 2 (see [8] for details), it follows that {g k /k 4(r+1) } is indeed a summable sequence, ∀r ≥ 0. This proves that all adiabatic states give rise to unitarily equivalent representations, independently of their order 4 .
To conclude this section, let us finally mention that, among the family of adiabatic states, those of sufficiently high order have the additional good physical property of allowing for a consistent definition of expectation values of the stress-energy tensor [24] (see also [25] ).
the general non-compact case, the requirement of equivalence necessarily assumes a local form, since the infrared limit introduces obstructions to the unitary equivalence which are typically unavoidable. In terms of a particle interpretation, this amounts to a requirement of finite particle production in finite volume. 3 The spatial sections considered in [13] are the usual ones of constant positive, negative, or zero curvature. The positive curvature case corresponds therefore to the 3-sphere, and the flat case to R 3 . The asymptotic behavior of β k is the same in all three cases, and it remains the same for the 3-torus as well. This follows immediately either from the fact that the spectrum of the Laplacian for the 3-torus is a subset of the one for R 3 , or by realizing that the dominant ultraviolet behavior of the eigenvalues of the Laplacian is the same for both the 3-sphere and the 3-torus. 4 Actually, the sequence {g k /w 
IV. RESCALED FIELD DESCRIPTION AND UNITARY DYNAMICS
Let us consider again the general case of an arbitrary scale factor a(η), but now from the perspective of the rescaled field χ = aφ. Following again the strategy explained above, the natural way to proceed is to fix initial data
at some fixed instant η, thus defining a CS J χ η . If we now compare the quantization obtained by applying this procedure at two different instants of time, say η 1 and η 2 , it turns out that they are actually unitarily equivalent, i.e., J χ η 2 − J χ η 1 is Hilbert-Schmidt (see [14] ). Thus, the procedure that leads to ambiguities if the field φ is considered actually produces an unambiguous quantization when χ is used instead. Note that, as far as this aspect of the problem is concerned, the issue is not really about the field variable that is used: employing relation (12), one can certainly obtain now an unambiguous quantization procedure that works for the field φ. What happens is that the initial conditions corresponding to (29) have to be used, and not (19) and (20) . In fact, since the relation between φ and χ involves explicitly the time, the relation between Cauchy data at a given instant is
Therefore, the use of the rescaled field χ permits a natural implementation of the pursued quantization strategy, so that: 1) A physically motivated CS is introduced (like in the case of a constant scale factor in a given time interval), and 2) The procedure does not lead to ambiguities, what in the present case means that the unitary equivalence class of the representation that is determined in this way does not depend on the instant η at which the initial conditions (29) are imposed. We insist that we are not only obtaining a quantization for the field χ: we are obviously defining a quantization of the field φ, either directly byφ = a −1χ or, equivalently, by means of the initial conditions which correspond to (29), via (30) and (31).
However, there is a major difference between the two field descriptions: whereas the time evolution of the field χ is unitary, that of φ is not. Let us see why the evolution of χ is indeed unitary. To help the discussion, let J m(η 1 ) denote the CS in Γ Can defined by
and similarly for
The above mentioned fact that J χ η 2 − J χ η 1 is Hilbert-Schmidt (proven e.g. in [14] ) means precisely that
is Hilbert-Schmidt. But it now happens that J m(η 2 ) − J m(η 1 ) is Hilbert-Schmidt as well 5 (this is true only for compact spatial manifolds, see e.g.
[1]). So, we conclude then that
is itself Hilbert-Schmidt, a result which tells us that the dynamics of the field χ is unitary, in the representation of the CCR's defined by J m(η 1 ) .
From our perspective, unitary implementability of the dynamics is a most compeling mathematical physics requirement, and we advocate the use of a formulation which allows it, whenever possible. Moreover, in the present context of free fields in a (spatially) homogeneous and isotropic cosmological background, that requirement (together with invariance under spatial symmetries) is certainly a valid criterion to select the quantum representation. In this respect, let us recall that it was proven in [1-4, 6-8] that: i) Unitary implementability of the dynamics is impossible to achieve by means of any other rescaling different from φ → χ = aφ, including the formulation in terms of the original unscaled field φ (in this respect, see also [26] ); and ii) Once the formulation in terms of the field χ is chosen, there is a unique equivalence class of Fock representations such that a unitary implementation of the dynamics is possible (notice that, in proving these results, it is always assumed that the CS which defines the Fock quantization is invariant under spatial isometries; in terms of the mode decomposition, this restriction is already encoded in the fact that the creation-annihilation operators do not mix different modes [13] ).
For completeness, let us also mention that the CS considered in the works [1-4, 6-8] (which allows for unitary dynamics) corresponds not exactly to the initial data (29), but rather to
That the two sets of data (29) and (36) This all being said, let us analyze the relation between the quantum χ-description, with unitary dynamics, and the quantum φ-description, determined by adiabatic states, which is the one favored e.g. in [11] . First and foremost, the unique χ-quantization with unitary dynamics, defined for instance by the data (36) [or equivalently (29)] at some instant η, determines, viaφ = a −1χ , a quantum representation for φ which is unitarily equivalent to the one defined by the zerothorder adiabatic state (this was proven explicitly in section VI of [6] for the case of the 3-sphere, but again the proof is immediately applicable to the present 3-torus case, and hence we will not repeat it here). Since any two adiabatic states give rise to unitarily equivalent representations, independently of the order (as we showed in the previous section), we have that the quantization determined by the requirement of unitary dynamics is equivalent to the quantization defined by any adiabatic state. Therefore, one does not lose the possibility of using adiabatic states by working in the Fock representation picked out by the data (36) [or the corresponding data for φ, via (30) and (31)]. The main difference is that the usual adiabatic state is no longer the vacuum of the Fock representation, but it is still a well-defined element of the Fock space determined by (36) (in this sense, let us recall that another equivalent criterion for the unitary equivalence of two Fock representations is that the vacuum of one of the quantizations belongs to the Hilbert space of the other quantization, where the vacuum is defined as the state annihilated by all the annihilation operators). An explicit expression of that adiabatic state, for any order r, can be given as follows:
where |0 is the vacuum associated with the initial conditions (36), mapped to the φ-field description via χ = aφ, andÂ † k are the corresponding creation operators. Here, λ
k , and α ad to |0 (defined of course at the same instant of time). Full expressions for these parameters can be obtained following the analysis performed in section VI of [6] . We get
To facilitate comparison with the existing literature, we have now switched to cosmological time τ, related with the conformal time η by dτ = adη. Besides, the dot stands for the derivative with respect to the cosmological time, and the adiabatic mode solutions W (r) k (constructed at fixed arbitrary timeτ) have the expression
The requirement that these functions satisfy the equations of motion for the modes leads to the following equations for the time dependent frequencies Ω k (see e.g. [6] ):
The different adiabatic orders r emerge when approximate solutions to (41) k from the preceding one,
with the initial condition
Finally, in the expression of the adiabatic state, F (r) is a normalization factor, given by
Hence, in particular, the usual regularization of, let's say, the stress-energy tensor can still be performed with respect to the above states (37) in the quantization that we have adopted.
V. DISCUSSION AND CONCLUSIONS
In view of our previous discussion, we find no conflict or tension between the χ-description based on the inital data (36) and the φ-description based e.g. on high-order adiabatic states (which is the description preferred, for instance, by the authors of [11] ). As we have just shown, one can move freely from one description to the other; it is in fact the same quantization (up to unitary equivalence), with the difference that the dynamics of the field χ is unitary, while that of φ is not.
Therefore, we see no need for a generalized notion of unitary implementation of the dynamics.
From our perspective, a notion of generalized unitarity like that introduced in [11] is best seen as a consistency condition. Let us recall that, in that kind of approach, one is allowed to work in practice with a family of CS's J η in Γ Can , and that this family is said to lead to a generalized unitary implementation of the dynamics if
is Hilbert-Schmidt for all possible instants of time η 1 and η 2 (it is worth noticing that this family is now not even necessarily tied to a single CS in Γ Cov ). It is absolutely true that if one tries to quantize a linear field following this route, one should require the above condition as a minimal consistency condition: it is clear that otherwise one would not get a well-defined quantization. In fact, from the family of CS's in Γ Can one can construct, via (7), a family of CS's in Γ Cov . The discussed condition (46) is precisely what guarantees that all those CS's in Γ Cov lead to unitarily equivalent representations. However, as far as we can understand, the condition guarantees nothing more than that, and in particular it is not clear at all how a specific quantization appropriate for a given field theory is selected in that way. In this respect, note that any quantization defined by a single CS J in Γ Cov satisfies the condition trivially, since the family obtained via (7) gives exactly zero for all operators of the form (46) obtained for different pairs of instants η 1 and η 2 .
Certainly, the S-matrix fits in the proposed generalized unitarity scheme (as pointed out in [11] ). In fact, as we have seen in situations with a constant scale factor in the far past and future, the difference of CS's J in − J out is Hilbert-Schmidt, or equivalently J out − E η 2 ,η 1 J in E −1 η 2 ,η 1 is HilbertSchmidt, but again this is a consistency condition: the CS's J in and J out themselves are selected by additional physical requirements, in this case by matching the CS with that of a free field in regions where the spacetime is isomorphic to Minkowski spacetime. So, additional mathematical physics requirements, such as those that we have just commented, or the ultraviolet regularity advocated in [11] , or, indeed, a unitary implementation of the dynamics, are required in order to pick out an appropriate quantization. Besides, it is worth noticing that the unitary implementation of the dynamics is actually a condition of the same nature of ultraviolet regularity, in the sense that, like the requirement of adiabatic regularity, it does control the ultraviolet behavior. In fact, the requirement of unitary dynamics leads to a class of CS's in which the ultraviolet properties are essentialy fixed, in the sense that the difference between two such CS's is always a Hilbert-Schmidt operator.
To conclude our discussion, let us just mention that, while it is true that once one has a quanti-zation with unitary dynamics for the rescaled field χ, one can always obtain a quantization for the field φ which satisfies the generalized unitarity condition (as shown in [11] ), there is no guarantee that the converse is true. So, the condition of unitary implementation of the dynamics and the generalized unitarity condition are not equivalent.
